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Abstract

By definition in Lie Algebras, all roots can be composed from either al positive or al negative
combinations of their "simple roots'. Taking a modified A.G. Lisi split real even Eg model with 240
fundamental physics particles associated with an extended Standard Model, a particle count reduction (from
240 fundamental particles to 8 "elemental" particles) is determined from these 8 simple roots. Interestingly,
by taking account of the particle mass assignments, all known fermions {e/v, u/d, c/s, t/b}, as well as
known (plus the Lisi predicted) bosons { W/B, gluons(g), w, ep, x®} can be generated with the sum of the
simple root masses being less than the resulting composite particle masses (with the exception of the four
2nd and 3rd generation leptons{e, - / v, +}).

Figure 1: 2D photo of an 8D—-3D orthographic projection of Eg. It is laser etched into a 3"x3"x3" crystal (perspective) 3D object, with vertex shape and size assigned based on
extended Standard Model particle assignments
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Figure 2: 8D-2D Petrie projection of Eg (a.k.a the 4,; polytope's Gosset figure), the orthographic "shadow" of the 3D object in Figure 1, with 6720 shortest edges of 8D norm'd

length 1/ 2 and 240 vertices with shape, size, color/shade assigned based on extended Standard Model particle assignments

I ntroduction

Visualizing the 8 dimensional (8D) Eg polytope uses 2 (or 3) basis vectors to project it into 2D (or 3D). Figures 1, 2, and 22 (Appendix D) are generated
using an 8D orthographic projection operation (1) applied to the split real even (SRE) Eg vertices with basis vectors (2), (3) and (4). AsFigure 1 isin
crystal as a (perspective) 3D object, looking closely at it creates a parallax effect. From a distance, as in the photo, the (orthographic) "shadow" of this
polytope can be seen as the Petrie projection (Figure 2), also known as the 4,; polytope's Gosset figure. All visualizations in this paper were created with
the VisibLie Dynkin _& E8 Mathematica™ notebook. The user interfaces for these are shown in Appendix C.
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Lisi has proposed an extended Standard Model (SM) based on a SRE Eg Lie Algebra with a fundamental physics particle associated with each of its 240
roots [1]. In this model, particle assignments are modified slightly in order to create a pattern of roots consistent with its Simple Roots (SRs). This
construction of the SRE Eg is based on the 256 = 28 binary pattern from the 9th row of the Pascal Triangle {1, 8, 28, 56, 70, 56, 28, 8, 1} and its
associated CI(8) Clifford Algebra. The SRE Eg roots are defined by combining the 112={56, 56} integer roots of Lie group Dg=SO(16) and the 128={1,
28, 70, 28, 1} half integer roots of Lie group Cg=Sp(16). Specifically, Cg contains all permutations of {+1, +1, +1, +1, +1, +1, +1, +1}/2 with an even
number of plus signs (an 8-Demi-Cube or even 7-Cube), which are assigned to the 2nd and 3rd generation fermions. Dg contains al permutations of {+1,
+1, 0,0, 0, O, O, O}, which are assigned to 48 bosons and the 64 1st generation fermions. In this model, the 16 particles associated with {8, 8} are
excluded as dimensional generators from the permutations of {+1, 0, 0, 0, 0, O, 0, 0} . These excluded particles are associated with the 8 Orthoplex (dual of
the 8-Cube with 256 vertices). Eg has 120 positive roots and 120 negative roots. These construction patterns are shown in Figure 3.
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Figure 3: SRE Eg construction from Pascal Triangle, CI(8) Clifford Algebra and binary permutations
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The linkage of Lie algebra Eg to the Pascal triangle is shown in Figure 4 with the basis vectors (5) used for 8D—2D orthographic projection of the
"Binary" coordinates (the 2 valued {0, 1} vertex dimensions, as opposed to the 5 valued {0, 1, £1/2} dimensions of SRE). This binary representation is a
Little Endian (right most significant) zero-based 8 dimensional vector {0-7}. Notice the number of nodes in each column arein 1:1 correspondence with
the 9th row of the Pascal triangle (after accounting for the overlaps (6), of course). These are projected from left to right and bottom to top isomorphically
with the lexicographical sort of Appendix B. Also notice that the linear basis vectors. Similar projections using the SRE coordinates of the Cg 7-Cube and
4-Cube Tesseract as sub-groups within Eg are also available within VisibLie Dynkin _& E8. Asin most of these figures, the edge line coloring is varied
based on projected distance from the origin of the outer most vertex. Figure 4 has 1024 unit length edges.
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Figure 4: 8D-2D orthographic projection of binary coordinates projected using basis vectors (5) with overlaps (6). The number of vertices in each column represents the 9th
row of the Pascal triangle {1, 8, 28, 56, 70, 56, 28, 8, 1}.

Note: If viewing Mathematica™ Computable Document Format (.CDF), this figure is interactive with vertex detail information on mouse-over.
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InView vertices = {{overlap, count}, ...} Total
{{1, 38}, {2, 14}, {3, 14}, {4, 6}, {5, 8}, {6, 8}, {7, 4}, {8, 1}} 93
All vertices = {{overlap, count}, ...} Total ©)
{{1, 38}, {2, 28}, {3, 42}, {4, 24}, {5, 40}, {6, 48}, {7, 28}, {8, 8}} 256
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The Eg Dynkin diagram (Figure 5) with canonical node ordering generates the Cartan matrix (CM) in (7), which is used to construct the Eg Lie Algebra.

E8 Parent

Figure 5: Eg Dynkin with canonical node ordering
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By definition in Lie Algebras, al roots can be composed from either all positive or all negative combinations of the SRs. The simple root matrix (SRM) in
(7) and the 256=240+16 excluded SRE vertices are used to uniquely generate all 240=120 positive+120 negative algebra roots of Eg using (8), ignoring
the excluded 16=8 positive (dimensional)+8 negative (anti-dimensional) SRE generated roots. The full list of these roots are shown in Appendix B and C.

AlgebraRoot, = [SRMT]_I.SREi:yzss ®

New Model Construction

In this new model, each Eg vertex is an 8 dimensional vector that contains the configuration of a particle's spin in positions {1, 2, 3, 4}, the generations in
position {5}, and color in positions {6, 7, 8}.

Asiswell known in the Lisi SRE model, there are only 48 assigned Dg integer bosons and only 128 Cg half-integer vertices available. Y et, with 192=64x3
generation fermions in SM, the meaning or validity of assigning a generation of fermions to the remaining 64 Dg integer vertices has been hotly debated
[2]. In this model these remaining integer fermions are assigned to the 1st generation. This means that the integer SRE vertices are fully allocated with the
"generation 0" bosons and 1st generation fermions. For a complete reference of particle assignments, see Appendix B.

The 1:1 bit-wise correspondence of a particle's quantum number assignments, a Big Endian (left most significant) zero-based 8 dimensional vector { 7-0},
are respectively {1 bit=a (Antiparticle- p/p), 1 bit=p (Type- €/v or u/d quark), 2 bits=cl1, c0 (Color- r/g/b/none), 2 bits=sl, O (Spin-li, ﬁ, ﬁ, Iv?), 2
bits=g1, g0 (Generations- 37/2u half integer fermions, 1e/0 integer bosons)} or simply { sl, 80, c1, ¢0, g1, gO}. The type face indicates
quantum assignments which are not exclusively allocated to a dimension {7-0} defined in this model, but in the particle assignments based on the inherent

structural symmetry of Eg. These construction patterns are shown in Figure 6 and 7.
3g Cenerations (le, 2y, 3 1)

Spin 45 Spin (L R) 35 Spin (I: R) 1 Spin (L) ———— > 44 Spin (L R) P—
* Color O0Color (W) ~  ——-ooooe—o -> 3. Color (rgb) <-—-—---on 0 Col or (w)
Row 5 4 3 2 1
Count 44 3s X3¢ 3¢ 3g X3¢ X 4s 3g X4s

Figure 6: Particle flavor counts given quantum number assignments

3g Cenerations (le, 2y, 3 1)
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{{{{es¢, ero}, B} {{{w, wr}, WM}} {u, c, t} {Ves vu, vi}

{ix18 x23 xsz) {g9% g'® g 9}}}  (d, s, b) {e, e, e;)

Figure 7: Particle flavors in row / column groups with boson {group} coloring based on Lie group assignments (F4, F4°, D4 & G2, G2°)
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The anti-particle { 2} bit is associated with the negation of a particle vertex coordinate. This creates a given particle's anti-particle. It is helpful to note that
the entire binary and SRE vertex list is lexicographically ordered from negative to positive with a perfect mirroring about the middle, between the 128th

and 129th of 256 vertices, which are the R muon neutrinos (v, and v,). Also of interest, the first and last particles in the list are the R tau neutrinos

(v: and V7). This digns well with the idea that it is associated with (T)ime reversal in the CPT conservation laws. While the Eg algebra roots in the SRE

ordered list are not lexicographically ordered, it does exhibit the same mirrored pattern of positive (negative) roots as do the binary and SRE particle (anti-
particle) assignments.

The {g0} bit splits the generation O boson family of 128 integer roots (and integer Spins) of Dg and 8-Orthoplex from the 128 half integer root (and half
integer spin) of Cg fermions.

The {p} bit splits the particle families into two types, referenced in the leptons as electron and neutrino types, while the quarks are designated by up and
down types. The differences are most easily seen in the 8x8 rotation matrix used for transforming SRE coordinates to physics coordinates (9) and those
matrices used in identifying bosonic (10) and fermionic (11) triality transformations. These matrices are divided by an upper left quadrant affecting the
SRE {1-4} spin positions and a lower right quadrant affecting the SRE {5-8} generation-color positions.
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01 0 0 0 0 0 0
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Bosonic_Triality={0 0 0 0 0 -=- -= = (10)
3 3 3
2 101
000 00 - -—— -—
3 3 3
12 1
000 00 -- - -=
{ 3 3 3
(-1’11 -1 0 0 0 O
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H4 Parent

Figure 8: H, Dinkin diagram
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This left-right splitting of Eg may be related to the idea that the Dynkin diagrams can be folded, generating related sub-groups. The Eg Dynkin folds into
H,4 (Figure 8). It is associated with the 600-Cell, a 4D polytope (or polychora) of 120 vertices (Figures 9 and 10). It has a dual, the 120-Cell of 600 vertices
(Figures 11 and 12). This 600-Cell is constructed from the combination of the 96 vertices of the snub 24-Cell and the 24 vertices of the 24-Cell (Figure 13
and 14), which is self-dual with the most symmetrical Dynkin diagram D, (Figure 15). It is interesting to note that the 24-Cell is constructed from the 16
vertices of the Tesseract (or 8-Cell or 4-Cube as shown in Figure 16) and the 8 vertices of it's dual, the 4-Orthoplex (or 16-Cell). All of these polychora

can be found within Eg with the excluded 8-Orthoplex. The snub 24-Cell is constructed from even permutations of {¢, 1, 1/¢, O}, where ¢ = % (\/g + 1)
is the golden ratio with numerical value of 1.61803... and thus can not be found directly within Eg.
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Figure 9: 4D-3D orthographic projection of the 600-Cell to a (perspective) virtual 3D object, with associated vertex shape, size, color/shade assigned based on extended
Standard Model particle assignments

Note: If viewing Mathematica™™ Computable Document Format (.CDF), this figure is interactive with zoom, rotate and vertex detail information on mouse-over.
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Figure 10: 4D-2D Van Oss projection of the 600-Cell, the shadow of the projection in Figure 9

Note: If viewing Mathematica™ Computable Document Format (.CDF), this figure is interactive with zoom and vertex detail information on mouse-over.
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Figure 11: 4D-3D orthogonal (H={1,0,0,0}, V={0,1,0,0}, Z={0,0,1,0}) orthographic projection of the 120-Cell to a virtual (perspective) 3D object

Figure 12: 4D-2D Petrie projection of the 120-Cell, which uses the basis vectors in (12)
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Figure 13: 4D-2D orthographic projection of the 24-Cell, with basis vectors {ws, iwr, U, V} shown

Note: If viewing Mathematica™ Computable Document Format (.CDF), this figure is interactive with vertex detail information on mouse-over.

Figure 14: 2D photo of a 4D-3D orthographic projection of the 24-Cell Laser-Stereo-Lithographically grown as a plastic (perspective) 3D object
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Figure 15: D, Dinkin diagram

] DI SEY

Figure 16: 4D-3D perspective projection of the Tesseract with 4D camera location very close to the outer perimeter of the object instead of at o, as is done in orthographic
projections. It is shown as a virtual (perspective) 3D object. The animation rotates in 4D and projects using the same basis vectors as Figure 13.

Note: If viewing Mathematica™ Computable Document Format (.CDF), this figure is interactive with 4D perspective rotation animations, with individual frame zoom and rotate
control.

The 600-Cell in Figure 9 was orthographically projected from 4D into 3D with basis vectors in (12), which has 720 shortest 4D edges of norm'd length
N2 (-1 + \/?) . Notice the parallax due to the fact that it is displayed as a (perspective) 3D object. The orthographic shadow of this polytope is the
Van Oss projection (Figure 10). Evidence of the folding is obtained by combining two 600-Cells at the golden ratio. This results in a structure that is
somewhat isomorphic to Eg [3]. It has the same Petrie projection as Figure 2, except with 3360 edges of length /2 (71 +/5 ) , Which are no longer

the shortest edges. This is half of the 6720 Eg shortest edges of 8D norm'd length v/ 2 . The "other half" of the 6720 edges are the 3360 4D norm'd length
2+/2 edges. Yet, it is this 1:1 correspondence with the Eg Petrie projection that allows the SRE particle assignments to be extended to the golden ratio

combination of two 600-Cells.
\ 75+3045 Sm[ ] 0, ,l 7543045 Sm[— = 2{0, -0.0801064775214, 0, 0.236818395103}
V- J ,l 75+30y5 0,0 J 3045 s 2{0.159335201712, 0, 0.192645438086, 0} &)
={0. -9 ,l 7543045 Sm[ ] o | -- ,/ 75+30 «/7 = 20, 0.236818395103, 0, 0.0801064775214}
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Simple Root Particles

These 3 hits { } are used to uniquely identify and generate the 8 = 23 Dynkin diagram nodes as shown in Figure 17 with corresponding 3bit value
construction and ordering identified along with the simple root particle assignments.

3bit = 0 1
4 =22 Boson Fer ni on
(Gen0) &2 (Genlé&3)
3bit=7 3bit=5 3bit=4 3bit=3 3bit=2 3bit=6 3bit=0 2-=2% e/d v/u
E8 Parent 1=2° p P

Figure 17: Eg Dynkin diagram with particle labels and 3bit assignments and construction patterns

Note: If viewing Mathematica™ Computable Document Format (.CDF), this figure is interactive with node detail information on mouse-over.

Please note the seeming anomalous assignment of 3bit=1 to the last SR in the list of SRs (Eg canonical node #8 in Figure 16, a R anti-strange green
quark). One might expect it to be a 5 given that it is a fermion, as indicated by the right most column naming for the {g0} bit. While {g0} does indeed
split the generation O boson family of integer roots from the 1st and 3rd fermion generations, the naming of the 0 bit as "Boson" is somewhat of a
misnomer since the 4 generations given by the combination of "generation bits' {gl, g0} have g0=0 for generations 0 and 2 (in binary), such that they are
associated through their bitwise assignments with bosons. It should also be noted that except for this Eg canonical node #8, al fermions in the SRs are in
the 1st generation and therefore have integer SRE vertex assignments. So all SRs are linked to bosons in some way. For a complete reference of SRs
particle assignment detail, see Appendix A.
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Triality Relationships

The Lisi model also demonstrates a consistency with the bosons and fermions that is related to the triality relationships within Eg. Thisis shown in Figure
18 with blue triality lines linking the 3 generations of each fermion using (11). Applying the triaity rotation matrix in (11) as a dot product against an
SRE vector gives the 2nd generation fermion particle. Applying it again gives the 3rd generation. Applying it a 3rd time returns to the 1st generation
fermion. The bosons are also involved in triality relationships as well using (10), rotating through red, green, and blue particle color assignments.

It isinteresting to note that the quarks {r/g/b, p/p} are al located on 6 corresponding dual concentric circles around the center. The leptons are hexagonal
"Star of David" patterns in the center, while the bosons are in single or dual hexagona rings radiating from the center.

7

Figure 18: 8D-2D orthographic projection of the physics rotated SRE math coordinates of Eg, with 86=22 bosonic+64 fermionic triality generated equilateral trianges. Vertex
shape, size, color/shade are assigned based on extended Standard Model particle assignments.

4 1 1

H:{2-—,0,1-—,1-—,0,-1,1,0}
V3 NEREEREY
(13)
4 1 1 101 2
V={O,——2,——1,1——,O,—,—,— }
NEREEREY V3 V3 V3
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The 8D-2D orthographic projections in Figures 18 and 19 are produced using SRE basis vectors (13). The axes shown in Figure 18 are rotated to physics
coordinates using (9), which puts the basis vectors on the projected (H)orizontal and (V)ertical axes in this and the Eg Petrie projections of Figures 1, 2,
and 22 (Appendix D). It seemsto clarify dimensional identities as well. For example, when the {1, 2, 3} dimensions labeled { ws, iwt,W} are moved, al

vertices change positions except the p-Type=0 bosons {g gluons, x,®}. Moving the dimension {4} labeled {Y) preserves these as well as the Land R
quark positions. Moving the {5,6} dimensions labeled {iw, X} preserves these, except now the row 4 p-Type=0 bosons { x,®} emerge from the 6 triple
overlap points at center of the quark's concentric rings (the intersection of the gluons triality lines). And finally {7, 8} labeled {gs, gs} in physics can be
identified with quark color, as {gs} preserves the blue quark positions, while {gg} moves the dual concentric rings of quarks while preserving their
relative positions within the rings. It is interesting to note that the dimensions {6, 7, 8} are appropriately labeled {r, g, b} in SRE coordinates, since in this
projection the SRE math coordinates are located at the afforementioned 6 triple overlap points at center of the quark's {r&T, g&, b&b} concentric rings
(theintersection of the gluons triality lines).

AV

RSO Z>
N

Figure 19: Projection of Figure 18 with particles color coded for overlaps

Note: If viewing Mathematica™ Computable Document Format (.CDF), this figure is interactive with vertex detail information on mouse-over.



DynkinParticleReductions.nb |15

Looking carefully at the color coding of thetrialities in Figure 18, the smaller 1st generation quarks are shaded differently than the 2nd and 3rd generation
quarks. Thisis due to a change in the way the { p} bit is used to assign patterns to SRE vertices on 1st generation quarks. This change is needed to align
the 3bit numbers in 1:1 correspondence with the Dynkin nodes. It should be noted that this also aligns with the quark mass relationships in the SM, where
the 1st generation up/down quark masses are flipped.

InView vertices = {Color {overlap, count}, ...} Total
{Green{1, 120}, Red {2, 24}, Gray {3, 24}} 168 14
All vertices = {Color {overlap, count}, ...} Tota (14)

{Green{1, 120}, Red {2, 48}, Gray {3, 72}} 240

An interesting pattern of overlapping of particles (14) in this projection is shown in Figure 19.

Conclusion

This mixture of fermion assignments with bosons is a critical issue in Lisi's model. Therefore, this new binary model may shed some light on the solution,
along with the mass determination in extended SM physics. A natural choice would be to assign 2nd generation fermions to the integer SRE vertices as
Lis did originally, but this causes the 3bit calculations to lack a 1:1 relationship with the Dynkin diagram's SRs.

Interestingly, by taking account of the particle mass assignments, all known fermions { /v, u/d, c/s, t/b}, as well as known (plus the Lisi predicted) bosons
{WIB, gluons(g), w, ep, xd} can be generated with the sum of the simple root masses being less than the resulting composite particle masses, with the
exception of the four 2nd and 3rd generation leptons{e, - / v,,}.

It seemslogical to identify the SRs as elemental particles used to construct the known and predicted 240 fundamental particles.

Given the overlap of 120 and 24 vertex patterns in (14), it seems the elemental particles may be related to the number of self dual 24-Cell structures
occurring from left and right 4D vertex dimensions of Eg. If this is the case, the prediction of the particle masses and the convergence of General
Relativity (GR) and an extended SM may be a reasonable result. That is, agrand unification - a Theory of Everything (ToE).
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Appendix
Appendix A: Simple Roots List
Seq ## Synbol Oapccssgg-Bits Bi nary Coor di nat es E8 Coordi nat es Al gebra Root
58 T 011111001, {1, 0,0, 0,0, 0,1, 1} {0, -1, 0,0, 0,0, 0,1} {1, 0,0, 0,0, 0, 0, 0}
b L
L
200 d: 010111101, {0, 1, 1, 1, 1, 0, 1, 0} {0, 1, 0, 0, 0, 0, 0, 1} {0, 1, 0, 0, 0, 0, 0, 0}
m, R
i
212 d ® 000111001, 0,1, 0, 1,0 1, 1,1} (1,0, 0, 0,0 0,0, -1} (0,0, 1,0, 0 0,0, 0}
my L
50 e¢?® 011100100, {1, 0,0, 1, 0,1, 0,0} {-1,0, 1,0, 0, 0, 0 0 {0, 0 0 1,0, 0, 0, 0}
g R
73 bB? 001111100, 0,1, 0,0, 0,0, 1,1} (0,0 -1,1, 0,0, 0, 0} (0,0 0,0 1, 0, 0, 0}
m R
81 ve 0 001000101, {0, 0,1, 0,0, 1, 1, 0} {0, 0,0, -1, 1, 0,0, 0} {0, 0,0, 0, 0, 1, 0, 0}
w R
87 X1® - 000010100, 0, 0,0 1,0 1, 1, 0} (0,0, 0,0 -1, 1, 0,0} (0,0 0,0 0 0,1, 0}
oy R
L
21 s 010100110, {0, 1, 0, 0, 0, 0, 1, O} (-2, 2, -1, -2, {0, 0,0, 0,0, 0, 0, 1}
o R 2’ 2 2 2
1 1 1 1
7 Tz o3 2l
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Appendix B: Complete Particle List

Seq # Synmbol Oapccssgg-Bits Bi nary E8 Coordi nat es Al gebra Root
Coor di nat es
1 v, © 001000111, (0, 0, 0, 0, -3 -3 -3 -3 (-8 -3, -5, -4,
w R 0, 0, 0, 0} 1111 3, -2, -1, -1}
"7 Tz T3 2)
Seq # Synmbol Oapccssgg-Bits Bi nary E8 Coordi nat es Al gebra Root
Coor di nat es
2 EI: 010000000, {1, 0, 0, 0, {0, 0, 0, 0, {-3 -3 0,
L 0, 0, 0, 0} 0, 0, 0, -1} 0, 0, 0, O, 0}
3 EXT : 010000100, (0, 1, 0, 0O, {0, 0, 0, 0, (-1, -5, -5, -a,
R 0, 0, 0, 0} 0, 0, -1, 0} -3, -2, -1, _2}
4 EXT * 010001000, (0, 0, 1, 0O, {0, 0, 0, 0, [ T
L 0, 0, 0, 0} 0, -1, 0, 0} -1, -1, -1, 0}
5 Ex1 | 010001100, {0, 0, O, 1, {0, 0, 0, O, {,% ,%, _1, -1,
R 0, 0, 0, 0} -1, 0, 0, 0} -1, -1, 0, 0}
6 E2° 011000000, {0, 0, 0, 0, {0, 0, 0, -1, (-3 -3 -1,
L 1, 0, 0, 0} 0, 0, 0, 0} -1, -1, 0, O, 0}
7  E2° 011000100, {0, 0, 0, 0, {0, 0, -1, (-3 -3 -1,
R 0, 1, 0, 0} 0, 0, 0, 0, 0} -1, 0, 0, O, 0}
8 E2° 011001000, {0, 0, 0, 0, {0, -1, 0, {3 -3 0,
L 0, 0,1, 0} 0, 0, 0, 0, 0} 0, 0, 0, O, 0}
9 E2° 011001100, {0, 0, 0, 0, (-1, 0, 0, (-3 -3 -1,
R 0, 0, 0, 1h 0, 0, 0, 0, 0} 0, 0, 0, O, 0}
Seq © Synbol Oapccssgg-Bits Bi nary E8 Coordi nat es Al gebra Root
Coor di nat es
10 v, 0 001000011, {1, 1, 0, 0, (30 30 -3 -3 (-3, -2, -4, -4,
w b 0, 0, 0, 0} 101 1 1 -3, -2, -1, -1}
“3 "3 T3 3l
11 v 0 001001111, {1, 0, 1, 0, (3 -3 3 -3 (-2, -2, -3, -3,
wy R 0, 0, 0, 0} 1 1 1 1 -3, -2, -1, -1}
LRI TS
12 e, 000001111, {1, 0, 0, 1, 3 -3 -3 3 (-2, -2, -3, -3,
Y R 0, 0, 0, 0} 11 1 2, -2, -1, -1}
"7z T3 2)
13 & 010000010, {1, 0, 0, 0, {3 -3 -3, -3 (-2, -2, -3, -3,
va 1, 0, 0, 0} 1 1 1 1 -2, -1, -1, -1}
2 "3 T3 T3
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Al gebra Root
0, 0, 0, 0, 0}
{_l! _11 _21
-1, 0, 0, 0, 0}
{_15 _11 _21
-1, -1, 0, 0, 0}
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L

Cm
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Seq # Synmbol Oapccssgg-Bits Bi nary E8 Coordi nat es Al gebra Root
Coor di nat es
94 e, - 000000011, (1, 1, 1, 1, {g, %, %, 1 7§, (-2, -1, -2, -2,
ve - 0, 0, 0, 0} 11 _2, -2, -1, -1}
"2 7 7
95 v 0 011001010, (1, 1, 1, 0, {%, g, %, -%, (-2, -1, -2, -2,
v - 1, 0, 0, O} 1 1 1 1 -2, -1, -1, -1}
2 "2 "2 "3
2
96 © ° 011011010, {1, 1, 1, 0, {30 3 30 -3 (-2, -1, -2, -2,
Fm b 0, 1, 0, 0} 11 1 ~2, -1, 0, -1)
~3 3 "3 3}
2
97 T3 011101010, (1, 1, 1, 0, {g, g, %, -%, (1,1, 2, 1
O - 0, 0, 1, 0} 11 1 0, 0, 0, 1)
-3 "2 3 3}
2
98 T ° 011111010, {1, 1, 1, 0, {3/ 3 30 -3 (-2, -1, -3, -3,
b 0, 0, 0, 1} 11 1 -3, -2, -1, -1}
U TR T
99  v;° 011001110, {1, 1, 0, 1, {30 30 -3 3 (-2, -1, -2, -2,
vy R 1, 0, 0, O} 1 1 1 1 -1, -1, -1, -1}
2 "2 "2 "3
2
100 ©.° 011011110, 1,1, 0, 1, (30 3 -3 3 -2, -1, -2, -2,
Fm R 0, 1, 0, 0} 11 1T -1, -1, 0, -1)
~3 3 "3 3}
2
101 T ° 011101110, {1, 1, 0, 1, {30 30 -3 2 1,1, 2, 1,
9y R 0, 0, 1, 0} 1 1 1 1 1, 0, 0, 1}
-3 "2 3 3}
2
102 T ° 011111110, (1, 1, 0, 1, {g, %, 7§, %, (-2, -1, -3, -3,
b R 0, 0, 0, 1} 1 1 1 1 -2, -2, -1, -1}
U TR T
1
103 3 010010111, (1, 1, 0, 0, {%, %,Afg, 73, (-2, -1, -2, -2,
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Appendix C: User Interfaces of VisibLie Dynki
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Figure 20: The VisibLie_Dynkin user interface, showing the roots, weights, heights with Hasse and Coxeter diagrams
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Figure 21: The VisibLie_E8 user interface
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Appendix D: Exports to 3D Virtual Worlds

| nport @" Snapshot _005. png

Figure 22: Virtual 2D photo of two Eg region sized 3D objects exported from Mathematica™ and then "bot rez'd" into the OpenSimulator 3D Virtual World.

In addition to my avatar, this virtual world photo contains both the 8D—-3D orthographic projection and it's 2D orthographic shadow (the 8D—-2D Petrie projection) of Eg, with
13920 prims=2*(240 vertices + 6720 edges)



